In this paper we prove two main results about obstruction to graph planarity. One is that, if G is a 3-connected graph with a K 5 -minor and T is a triangle of
Introduction
We use the terminology set by Oxley [4] . Our graphs are allowed to have loops and multiple edges. When there is no ambiguity we denote by uv the edge linking the vertices u and v . We use the notation si (G/e) for a simplification of G (a graph obtained from G by removing all loops, and all, but one, edges in each parallel class). Usually we choose the edge-set of si (G) satisfying our purposes with no mentions. It is a consequence of Whitney's 2-Isomorphism Theorem (Theorem 5.3.1 of [4] ) that, for each 3-connected graphic matroid M, there is, up to isomorphisms, a unique graph whose M is the cycle matroid. We also use this result without mention, so as Kuratowski and Wagner Theorems about graph planarity. When talking about a triangle in a graph we may be referring both to the subgraph corresponding to the triangle as to its edge-set. We say that a set of vertices in a graph is stable if such set has no pair of vertices linked by an edge. 
Let U and V be different maximal stable sets of vertices in K 3,3 . We define K i ,j 3,3 to be the simple graph obtained from K 3,3 by adding i edges linking pairs of vertices of U and j edges linking pairs of vertices of V . By default, we label the vertices of K i ,j 3,3 like in Figure 1 . A family F of matroids (graphs, resp.) is said to be k-rounded in a minorclosed class of matroids (graphs, resp.) N if each member of F is (k + 1)-connected and, for each (k + 1)-connected matroid (graph, resp.) M of N with an F -minor and, for each k-subset X ⊆ E (M), M has an F -minor with X in its ground set (edge set, resp.). When N is omitted we consider it as the class of all matroids (graphs, resp.). By Whitney's 2-isomorphism Theorem, the concepts of k-roundedness for graphs and matroids agree, for k ≥ 2. Such definition is a slight generalization of that one made by Seymour [7] . For more information about k-roundedness we refer the reader to Section 12.3 of [4] .
The second main result stated in the abstract is Corollary 1.2, that follows from the next Theorem we establish here: Theorem 1.1. The following families of graphs are 2-rounded:
Moreover, the following families of matroids are 2-rounded in the class of the regular matroids.
Seymour [6, (7.5) 
is a triangle of G, then G has a K 5 -minor with E (T ) as edge-set of a triangle.
Other results about getting minors preserving a triangle were proved by Asano, Nishizeki and Seymour [1] . Truemper [8] proved that if G has a K 3,3 -minor, and e, f and g are the edges of G adjacent to a degree-3 vertex, then G has a K 3,3 -minor using e, f and g .
We define a class F of 3-connected matroids to be (3, k, l )-rounded in N provided the following property holds: if M is a 3-connected matroid in N with an F -minor, X ⊆ E (M), |X | = k and r (X ) ≤ l , then M has an F -minor N such that X ⊆ E (N ) and N |X = M|X .
Another formulation for Theorem 1.4 and Corollary 1.5 is that {M(K 1,1 3,3 )} and {M(K 5 )} are (3, 3, 2)-rounded in the class of graphic matroids. Costalonga [3] (in the last comments of the introduction) proved:
finite family of matroids and N a class of matroids closed under minors.Then, there is a
In [3] there are more results of such nature. Although a minimal (3, 3, 3)-rounded family of graphs containing {K 5 , K 3,3 } exists and even has a size that allows a computer approach, it has shown to be complicated. Such family must at least include the graphs K i ,j 3,3 , for i + j ≤ 3, K 5 and the following two graphs in Figure 2 , obtained, respectively, from K 3,3 and K 5 by the same kind of vertex expansion, which shall occur in such kind of families. 
Proofs for the Theorems
The proof of Theorem 1.1 is based on the following theorem: Theorem 2.1. (Seymour [7] , see also [4, Theorem 12.3.9] ) Let N be a class of matroids closed under minors, and F be a family of 3-connected matroids. If, for each matroid M, for each e ∈ E (M) such that M/e ∈ F or M\e ∈ F and for each f ∈ E (M) − e there is an F -minor using e and f , then F is 2-rounded in N .
Seymour proved Theorem 2.1 when N is the class of all matroids. But the same proof holds for this more general version. By Whitney's 2-isomorphism Theorem, the analogous for graphs of Theorem 2.1 holds.
Proof of theorem 1.1: For items (a) and (b) we will consider N as the class of graphic matroids and for items (c) and (d) we will consider N as the class of regular matroids. In each item we will verify the criterion given by Theorem 2.1.
First we prove item (a). We begin looking at the 3-connected simple graphs G such that G\e ∈ F a := {K 3, 3 
Thus H is an F a -minor of G and we may suppose that G/e ∈ F a . e have that G is 3-connected and simple, in particular, G has no degree-2 vertices, hence G must be obtained from G/e by the expansion of a vertex with degree at least 4. This implies that G ≇ K 3, 3 . Thus, we may assume that G/e is one of graphs K 
If G is obtained from G/e by the expansion of a degree-4 vertex, then G ∼ = G 2 ∼ = G 1 + v 1 w 1 . In this case we may proceed as in the first case again.
Thus, if G/e = K 0,2 3,3 , we can assume that G is obtained from G/e by the expansion of the degree-5 vertex. If {v 1 w 1 , v 3 w 2 } or {v 1 w 2 , v 3 w 1 } is contained in E (G), then G is again isomorphic to G 2 and we are reduced to the first case again. Without loss of generality, say that v 1 w 2 , v 2 w 2 ∈ E (G). Then G is one of the graphs G 3 or G 4 in Figure 3 . If G = G 3 , then one of G 3 /v 1 w 2 or G 3 /w 2 v 3 , both isomorphic to K 
Now, we build a representation of si (R 12 /1) as follows. First, we eliminate the first row and column of B and eliminate column 9, that became equal column 5, after that, we add row z 5 to row z 6 and, finally, we add an extra row z 7 equal to the sum of the other rows. So we get the matrix A, defined next: 
Note that R 12 /1\9 ∼ = si (R 12 /1) ∼ = R 12 /1\5 is the cycle matroid of a graph in Figure 4 . Now, observe that, inverting the order of the rows in matrix B give us an automorphism φ of R 12 such that φ(1) = 6. Moreover R 12 is self dual, where an isomorphism between R 12 and R * 12 takes 1 into 7. So {1, 6, 7} is in a orbit of the automorphism group of R 12 . Thus so(R 12 /1) ∼ = si (R 12 /6) ∼ = si (R 12 /7) ∼ = M(K 0,2 3,3 ) and the ground set of one of these matroids can be chosen containing {e, f }. Therefore, for each pair of elements of R 12 , there is an F c -minor containing both. This proves item (c).
To prove item (d) we observe that if M/e = M(K 5 ) or M\e ∼ = (K 5 ), then |E (M)| = 11, so M is not isomorphic to R 10 neither has an R 12 -minor. Moreover M is not cographic in this case. So, all matroids we have to deal are graphic, and the proof of item (d) is reduced to item (b). 
Proof: If G has a K So, there is e ∈ E (G) and X ⊆ E (G) such that G\X /e ∼ = K 1,1 3, 3 . If e ∉ T , si (G/e) contradicts the minimality of T , so e ∈ T . We split the proof into two cases now.
The first case is when e is adjacent to a degree-2 vertex v of G\X . Let f be the other edge adjacent to v in G\X . So e, f ∈ T , otherwise, si (G/ f ) would contradict the minimality of G.
Up to isomorphisms, G\X can be obtained from K Figure 5 . Since G is simple, G has a third edge g adjacent to v . For any of the graphs in Figure 5 , it verifies that si (G\(X − T )/g ) contradicts the minimality of G. So the proof is done in the first case.
In the second case, e is an edge of G\X whose adjacent vertices has degree at least 3. We may suppose that the end-vertices w 1 and w 2 of e collapses into v 2 when contracting e in G\X . Let S be the set of edges incident to v 2 in G\X /e. We also may assume that w 2 is adjacent to v 3 in G\X . With this assumptions G\(X ∪ S) is the graph G 4 of Figure 6 . Note also that G\X is obtained from G 4 adding 3 edges, each incident to a different vertex in {u 1 , u 2 , u 3 }, two of then incident to w 1 and one incident to w 2 . Since switching u 2 and u 3 in G 4 induces an automorphism, we may suppose that u 2 w 1 ∈ E (G\X ). Then, without losing generality, G\X is one of the graphs G 5 or G 6 in Figure 6 . In the case that G = G 5 , in Figure 7 , in the first row, for each possibility for T we draw G\(X − T ). The bold edges are those of T . In each graph of the first row, the double edge g has the property that the graph si (G\(X − T )/g ), draw in the second row in the respective column, contradicts the minimality of G. The vertex obtained in the contraction is labelled by z. In the third and fourth rows of Figure 7 , we have the same for the case in which G = G 6 . This proves the theorem Proof of Theorem 1.5: Suppose that G is a 3-connected simple graph with a K 5 -minor and T is a triangle of G. We may suppose that G ≇ K 5 . By Lemma 2.2, G has a 3-connected simple minor H ∼ = K 1,1 3,3 . By Theorem 1.4, we choose H having the edges of T in a triangle. Let e ∈ H be the edge such that H/e ∼ = K 5 . Note that e is in no triangle of H. So H/e is the K 5 -minor we are looking for. 
